We study the photoionization of the s states in the systems bound by sufficiently weak central fields V (r) for the large photon energies corresponding to the relativistic photoelectrons. We demonstrate that the energy dependence of the photoionization cross section can be obtained without solving the wave equation. We show that the shape of the energy dependence of the cross section is determined by analytical properties of the binding potential V (r). We find the cross sections for the potentials V (r) which have singularities in the origin, on the real axis and in the complex plane.
I. INTRODUCTION
We study the ionization of systems bound by a central field V (r) by the photons carrying the energy ω of the order of the electron rest energy mc 2 . In the present paper we include only photoionization of the single particle bound states with the orbital momenta ℓ = 0. We consider the lowest order terms in the coupling constant g of the field V (r). We find the general expressions for the distribution in recoil momenta and for the total cross sections.
The characteristics of the relativistic photoeffect on 1s states in the Coulomb field in the lowest order of the coupling constant g = αZ (α = 1/137 is the fine structure constant, Z is the charge of the nucleus) were found in [1] in the early days of quantum mechanics. Further progress was made by considering the higher terms in αZ expansion for the Coulomb field [2] [3] [4] . Numerical calculations for the screened Coulomb field were also carried out [5] . The analysis of [1] [2] [3] [4] as well as the presentation in the books [6, 7] employ the explicit form of the Coulomb 1s bound state wave function as a starting point.
However expressions for the angular distributions of photoelectrons or in recoil momenta and for the total cross sections can be obtained for a broad class of central potentials V (r). The basic point of our approach is the analysis of the process in terms of three-momentum transferred to the electrons by the source of the field q = p − k.
(1)
Here k and p are the three-momenta of the photon and of photoelectron correspondingly. The source of the field obtains the recoil momentum −q. We presented the approach in our book [8] and applied it later to investigation of the high energy nonrelativistic asymptotics of photoionization [9, 10] . We employ the system of units with = 1, c = 1. In these units the photon three momentum k and its energy are related by the condition ω = k ≡ |k|. The energy conservation law is
with E B = m − I B and E = p 2 + m 2 the relativistic energies of the bound electron and of the photoelectron. We consider the photon energies ω > ∼ m with m ≈ 511 keV the electron mass. We assume that the electron binding energy I B is much smaller than the electron mass, i.e. I B ≪ m. Thus we have two scales of momenta. The characteristic momenta exchanged between the bound electron and the nucleus are of the order µ = (2mI B ) 1/2 . Since I B ≪ m we find that µ ≪ m.
(3)
We call it "small momenta". The value of transferred momentum is limited by conditions
and thus q > ∼ m. We call it "large momenta". In Sec. 2 we demonstrate that if the Fourier transform V (q) (we omit the tilde sign below) becomes small enough at q > ∼ m
each act of transfer of large momentum leads to additional small factor in the amplitude (see Chapter 2 of [8] ). Thus such exchange can be treated perturbatively. This enables to obtain unified expression for the recoil momenta distributions and for the cross sections presented in Sec. 3. We demonstrate that the q dependence of the recoil momentum distributions can be presented through the Fourier transform V (q) of the potential V (r). The shape of the potential V (q) is determined by the singularities of the function V (r). Thus the recoil momentum distributions and the total cross sections are determined by singularities of the potential V (r).
In Sec. 4-6 we consider the potentials with singularities of the potential V (r) at the origin, on the real axis and in the complex plane correspondingly. We summarize in Sec. 7.
The photoionization cross section of a bound state with one electron can be written as [7] 
with Ω the photoelectron solid angle. The overbar indicates that the squared amplitude F 2 is averaged over polarizations in the initial state and summed over those in the final state. We start with calculation of the amplitude.
II. PHOTOIONIZATION AMPLITUDE
The amplitude is
Here γ µ are the Dirac matrices, A i are the space components of the four-vector A µ describing the electromagnetic field. The relativistic wave functions Ψ B,p describe the bound electron and the photoelectron with asymptotic three momentum p. They satisfy the Dirac equations
with E B = m − I B and E = (p 2 + m 2 ) 1/2 . In Eq. (8)
is the Hamiltonian of free motion. Here α i = γ 0 γ i (i = 1, 2, 3), β = γ 0 . In position space f = −i∇. Eq. (8) can be written as
We denoteâ = a µ γ µ = a µ γ µ for any four vector a = (a 0 , a). In Eq. (10), f 0 = m − I B for the bound electron, while f 0 = (p 2 + m 2 ) 1/2 for the photoelectron. The equation for free motion with the energy f 0 is
We carry out most of calculations in momentum space, where A i = e i / √ 2ω, while e is the photon polarization vector, ek = 0. The amplitude can be written as
where N (ω) = 4πα/2ω. The Eq. (12) can be obtained by Fourier transform of the wave functions in more familiar space presentation where A i = e i e ikr / √ 2ω and
It is reasonable to consider separately the configuration in which the photoelectron does not transfer any momentum to the source of the field. The contribution to the amplitude is
Here Ψ (0) p (k + s) = δ(p − (k + s))u p = δ(q − s)u p is the solution of the wave equation (11) for free motion with f 0 = (p 2 + m 2 ) 1/2 . The bispinor u p = u(E, p) is normalized by conditionūu = 2m. Thus s = q in the integrand on the right hand side of Eq. (13), and
To include the possibility of photon exchanges between the photoelectron and the source of the field introduce the functions Φ p = Ψ p − Ψ (0) p . The corresponding contribution to the amplitude is
and
Now we calculate wave functions Ψ B and Φ p at large values of the arguments. We can write for any electron state with the energy f 0
with
the Green function of the free motion equation (11 
(19) Note that the matrix element of the Green function with the energy E is
with the four-vector h = (E, h). Employing this equality to the matrix element in the integrand on the right hand side of Eq. (19) with f 0 = m − I B and carrying out integration over h we find
and α i = γ 0 γ i . One can separate three regions of the values of momentum f in the integral J rel (q). We analyze their contributions to wave function determined by Eq. (21). In the region f ∼ µ ≪ q, we can estimate V (q − f ) = V (q). Hence it provides a contribution of the order
. This causes a small correction of the order µ/q to the function Ψ B (q) which can be neglected. Similar estimation of contribution of the region of large momenta f ∼ q ; |q − f | ∼ q shows that it provides a correction V (q)q 2 /2π 2 to the function Ψ B if Eq. (5) is true. In this case it can be neglected. Hence the integral J rel (q) is saturated by small f ∼ µ for the potentials which satisfy the condition expressed by Eq. (5) .
At f ∼ µ ≪ m the bound state wave function can be expressed as
with ψ B (f ) the nonrelativistic bound state wave function (it does not depend on direction of momentum f ), while u 0 = u(m, f = 0). Hence we can write
which also does not depend on direction of momentum q. Employing the equality γ 0 u 0 = u 0 we can write
Thus Eqs. (25) and (26) connect relativistic wave func-
To calculate the contribution F b to the amplitude we need to find the function Φ p (k + s). We employ the first iteration of Eq. (17)
i.e.
Carrying out integrations and denoting k ′ = k + s we obtain
with E = ω + m the relativistic energy of the photoelectron. We neglected I B ≪ m in expression for E. As we have seen, for the potential which satisfy the condition expressed by Eq. (5) integral on the right hand side of Eq. (15) will be saturated by small s ∼ µ. Thus in the integrand of Eq. (15) we can use the function Φ p (k + s) in which we put P = (E, k) and
We can evaluate (P + m)γ 0 u p = (p −q + m)γ 0 u p with the four vector q = (0, q).
Recall that the amplitude F = F a + F b .
III. DIFFERENTIAL DISTRIBUTION AND THE CROSS SECTION
Employing Eqs. (16), (27), (33), and Eq. (6) we find the angular distribution of photoelectrons
with t = cos θ, while θ is the angle between the directions of momenta k and p,
Here
Distribution over the recoil momentum is
where W (q) is determined by Eq. (35) with
Thus
where
Dependence on the potential V is contained in the factors
Thus the cross section is
are the smallest and the largest possible values of the residual momentum q correspondingly. Lower index V in Eq. (42) labels the type of the potential. Now we consider the potentials V (r) with various positions of singularities. We start with potentials with singularities at the origin r = 0. They appear to be "slowly varying potentials" for which
This enables us to expand
. This provides
and the recoil momentum distribution is indeed determined by the q dependence of the potential V q). We shall see that the same refers to the potentials with singularities on the real axis and in the complex plane although neither Eq. (44) nor (45) are true. Now we analyze particular cases. 
IV. POTENTIALS WITH SINGULARITY AT THE ORIGIN

A. Coulomb potential
The Fourier transform for the Coulomb potential of the nucleus containing Z protons V C (r) = −αZ/r is
For any bound ns state
with ψ 2 C (r = 0) = η 3 n /π, η n = mαZ/n. The characteristic binding momentum of ns state is µ = η n = mαZ/n.
Employing Eqs. (39)-(42) we find for photoionization of ns state
with ζ = m/E, and
see Fig. 1 . This expression was obtained in [1] for 1s electrons.
In the ultrarelativistic limit ζ ≪ 1 we find S C (ζ) = ζ, and
There are two characteristic parameters of the motion in the Coulomb field. Average velocity of the electron in the ground state is αZ. Interaction of continuum electron with the nucleus is described by the parameter ξ = αZE/p. The distribution provided by Eq. (38) and the cross section given by Eq. (48) correspond to the lowest order expansions in both of them. However the leading ξ dependent contributions depend on parameter πξ. Thus the coefficients of expansion in ξ become numerically large. Fortunately the dependence on πξ (as well as in nonrelativistic case -see [8] ) can be calculated accurately [4] . It is expressed by the function
known as the Stobbe factor. Thus
Here the upper index LO shows that the leading order corrections which depend on πξ are included.
B. Screened Coulomb potential
Consider now the screened Coulomb potential
with λ ∼ mαZ. The Yukawa potential
provides an example. We find immediately that V Y (q) = −4παZ/q 2 = V C (q) for q > ∼ m. Thus the distribution in recoil momentum and the cross section are expressed by Eq. (38) and Eq. (48) with the Coulomb value ψ 2 C (r = 0) (see Eq. (47) replaced by those of the Yukawa value ψ 2 Y (r = 0). One can make a more general statement. The Fourier transform of the screened potential (53) at q > ∼ m coincides with that of the Coulomb potential with the accuracy
This was demonstrated in [8] by expansion of the function f (λr) in the right hand side of (53) in powers of λr. Thus the characteristics of the process in the lowest order of αZ expansion dσ scr /dq and σ scr are described by the same equations as in the Coulomb field with ψ 2 C (r = 0) replaced by ψ 2 scr (r = 0). It was shown in [10] that the shape of high energy nonrelativistic photoionization cross section of manyelectron atoms is reproduced by inclusion of the Stobbe factor. This happens because the latter is formed at small distances 1/p from the nucleus where the screening effects are small. One can expect that this is true also for relativistic photoelectrons, and
Thus we obtained
with similar relation for the cross sections which include the leading corrections ∼ πξ. The numerical calculations [5] demonstrated that Eq. (57) is true with the accuracy of about 1 percent.
C. Exponential potential
The exponential potential is
Considered as a function of −∞ < r < ∞ it can be written as V Exp (r) = −V 0 e −λ|r| with a cusp at r = 0. The exponential potential found its applications in cosmology -see, e.g. [12] . Its Fourier transform can be obtained immediately by taking the derivative with respect to λ of the equations on right hand sides of Eq. (54)
We consider the case V 0 λ/m 2 ≪ 1 -see Eq. (4). For any bound s state
Employing Eqs. (39)-(42) we find for the cross section
with ψ E the wave function of s bound state in exponential potential (58) and
see Fig. 2 . At E ≫ m, i.e. at ζ ≪ 1, we find S Exp (ζ) = ζ, and 
V. POTENTIALS WITH SINGULARITIES ON THE REAL AXIS
Start with potential which has a finite jump on the real axis, i.e. V (r) = V 1 (r) at r ≤ R and V (r) = V 2 (r) at R < r < ∞ with V 1 (R) = V 2 (R). This can be expressed as
The lower index F J stands for "finite jump". Recall that θ(x) = 1 for x ≥ 0 while θ(x) = 0 for x < 0. We assume R to be of the order of characteristic atomic size. Thus mR ≫ 1.
(65)
We consider the potentials which, as well as their derivatives, change on the distances of the atomic size r B ∼ 1/µ -see Eq.
(3). The relation between the two characteristics with dimension of length R and r B is not important for us since (mR) −1 ≪ 1 and (mr B ) −1 ≪ 1, and we include only the lowest terms of expansions in these parameters. The Fourier transform of the potential (64) is
Integration by parts provides
Successive integration by parts on the right hand side of Eq. (67) provides series in powers of (qr B ) −1 ≪ 1 and (qR) −1 ≪ 1. Thus we include only the first term in big parenthesis and
We can put (q−f ) 2 = q 2 in the denominator of expression for the potential V (q − f ) on the right hand side of Eq. (24) since f ∼ µ ≪ q. The factor cos (|q − f |R) can not be expanded in powers of f /q, since R ∼ 1/µ and thus f R ∼ 1. However we can put |q − f |R = (q − f q )R with f q = qf /q, and find that
Thus the q dependence of the factor J(q) defined by Eq. (25) is determined by that of the potential V F J (q). Expression for J(q) can be obtained by evaluation in the position space. We present Here F (r) = rψ F J (r)V (r). Integration by parts provides
Eq. (69) . Proceeding in the same way as we did above in calculation of V (q) we obtain
with δ V (R) defined by Eq. (69).
Recall that the dependence of the cross section on the form of the potential is contained in the factors J 2 (q) (see Eqs. (38)-(42)). We can write
Employing the well known relation cos 2 ϕ = (1 + cos (2ϕ))/2, we present J 2 (q) = J 2(1) (q) + J 2(2) (q) with
The integrand in Eq. (42) presenting the cross section is the sum of the two terms T (1) F J (q) and T (2) F J (q) containing the factors J 2(1) (q) and J 2(2) (q) correspondingly. The latter contains additional strongly oscillating factor cos (2qR) with qR ≫ 1. Thus we can expect that contribution to the cross section caused by T (2) F J (q) is much smaller than that provided by T (1) F J (q). This is supported by the following calculation. Note that T
is a composition of the terms q2 q1 dq/q k ∼ 1/(q i ) k−1 (i = 1, 2). The corresponding terms in T
Further integration by parts provides a series in (q i R) −1 ≪ 1. Thus the contribution caused by J 2(2) (q) to the cross section is at least (q i R) −1 times smaller than that of J 2(1) (q). Hence in calculation of the total cross section we can put
with the same q dependence as for the Coulomb fieldsee Eq. (47). Thus we obtain
see Eq. (49) and Fig. 1 .
In the ultrarelativistic limit
In the same way the factors J 2 (q) can be obtained for the potentials which are continuous at r = R while the derivative V ′ (r) experience a jump. One should just make one more integration by parts. Two integrations by parts are needed for the potentials with continuous V (r) and V ′ (r) while V ′′ (r) experience a jump, etc.
Consider now a potential with infinite jump
where U 0 is a dimensionless constant. It is known as the Dirac bubble potential. This potential was studied first in [14] in connection with the hyperfine splitting of the atomic levels. Its Fourier transform is
One can see that neither Eq. (5) nor (44) are true. However the integral J(q) can be calculated immediately since in position space
with ψ IJ the wave function of s bound state in potential (80), the lower index IJ stands for "infinite jump".
To obtain the cross section we need the factor
Similar to the case of finite jump of the potential we present sin 2 (qR) = (1 − cos (2(qR))/2, with only the first term contributing to the cross section. The latter is
with ζ = m/E, see Fig. 3 .
In the ultrarelativistic limit ω ≫ m we find with U 0 > 0, a dimensionless constant. One can see that
This expression can be obtained by carrying out the integration in complex plane. The potential V (q) is determined by the poles of the integrand in the points r = ±ia.
Since the characteristic distances for the bound state are r ∼ a, condition expressed by Eq. (3) takes the form
We need the contribution of small f ∼ 1/a ≪ q to the integral
which is dominated by small f ≪ q. One can put v = q in the denominator of the integrand. However this can not be done in the power of the exponential factor. To obtain the q dependence of the right hand side we present Eq. (90) as
Here ψ L is the wave function of s bound state in the Lorentz potential (87). The derivative with respect to q is
with v ′ q = ∂v/∂q. One can put v ′ q = 1 with the accuracy 1/q 2 . Thus we can write a simple differential equation 87). The horizontal axis is the same as in Fig. 1 . The vertical axis is for the function SL given by Eq. (93). Curve "a" is for ma = 5, curve "b" is for ma = 6.
X ′ (q) = −aX(q) with the solution X(q) = κe −qa where κ is a constant factor. Thus
and q dependence of the factor J(q) in the amplitude is the same as that of the potential V (q). The cross section can be obtained by employing Eqs. (39)-(42)
with q 1 = √ E 2 − m 2 − (E − m) the smallest possible value of the recoil momentum q,
see Fig. 4 . Note that only the values of q near its lower limit contribute since the contribution of larger values are exponentially quenched.
In the ultrarelativistic limit we find q 1 = m, and S 
However this behavior is achieved only at very large energies ω ≫ m · ma when we can replace e −2q1a by e −2ma . It is known that the Fourier transform of the potential V (r) with singularities in the complex plane experiences exponential drop V (q) ∼ e −qa with a the imaginary part of the singularity closest to the real axis [15] . Thus the cross section for relativistic photoionization of a system bound by such potential experiences the exponential drop σ ∼ e −2q1a with q 1 = p − ω the smallest possible value of the three momentum transferred to photoelectron.
VII. SUMMARY
We carry out studies of relativistic photoeffect for the system bound by a central field V (r). We employ the analysis in terms of recoil momentum described in the book [8] and developed further in papers [9, 10] .
We demonstrated that distribution in recoil momentum for relativistic photoionization in a central field V (r) is expressed in terms of relativistic bound state wave function Ψ B (q) at q > ∼ m. We showed that for the potentials which satisfy the condition given by Eq. (5) the wave function Ψ B (q) is connected with the nonrelativistic wave function ψ(f ) at f ∼ µ -Eqs. (25), (26). The factor J(q) given by Eq. (25) contains all dependence of the photoionization amplitude on the potential. It is expressed in terms of the Fourier transform V (q) of V (r). Since the shape of V (q) depends on the structure of sin-gularities of the potential V (r) the latter determine the energy dependence of the photoionization cross section.
For the case of the potentials V (r) with singularity in the origin expression for J(q) takes a simple form -Eq. (45). We reproduce the well known result for the Coulomb field and find the cross section for screened Coulomb potential and for the exponential potential. The recoil momentum distribution and the cross section are proportional to the nonrelativistic bound state wave function at the singular point ψ B (r = 0). The results are illustrated by Figs. 1, 2 .
For the potentials with singularities on the real axis analysis of the factors J(q) written in position presentation appeared to be fruitful. We demonstrate that the energy dependence for potential with a finite jump on the real axis coincides with that for the Coulomb field. The cross section depends on the squared jump of the potential explicitly, containing it as a factor. We show that the same approach can be applied for analysis of photoionization in the fields which are continuous on the real axis but have jumps of the derivatives of the first or higher order. We consider also a potential with infinite jump on the real axis (the Dirac bubble potential) and present results in Fig. 3 .
We consider a potential with a pole in the complex plane and obtain the cross section presented in Fig. 4 . We show the cross section to be exponentially quenched. We demonstrate that this is a common feature of potentials with the poles in the complex plane.
